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Convection-Diffusion of Solutes in Dynamic Media

DURGESH S. VAIDYA, J.M. NITSCHE, S.L. DIAMOND AND DAVID A. KOFKE
Department of Chemical Engineering, State University of New York at Buffalo, Buffalo, NY 14260-4200, U.S.A.

Abstract. We investigate convective-diffusive transport of a solute through a medium with properties that can be
externally modulated in space and time. In particular, we focus on the effect of a front—a sharp transition in the
convective velocity (v) and diffusivity (D)—on the evolution of the solute concentration profile. Numerical results
show that by suitably moving the front during the process an anti-dispersive effect may be realized, in which the
solute accumulates in a thin region close to the moving boundary. Our computations take into account the realistic
case of a front having a small but finite thickness, and we find that the width of the concentration profile scales as
(1/+/Pe), where Pe is the Péclet number. This is in sharp contrast to the 1/Pe scaling observed for the ideal case of
the singular front assumed in previous work. The effect of the thickness of the front and the magnitude of the drop in
v and D, on the solute concentration profile has also been studied. These results are relevant in order to implement
and optimize protocols that apply an externally controlled moving boundary for the purpose of separation.

We also present experimental results characterizing solute transport across a stationary front, expected to display
many features needed in a model for moving fronts. The concentration profile of electrophoretically mobile
BSA-FITC within the boundary layer at a polyacrylamde gel-buffer interface were visualized by epifluorescence
microscopy. Measured boundary layer thickness exceeded that predicted for even a finite interface, indicating that

the length scale associated with real boundaries is relevant to the modeling problem.
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1. Introduction

Over the last decade there has been a considerable ef-
fort to make separation columns more dynamic and
flexible. One approach has been to introduce changes
in the composition of the mobile phase during its elu-
tion. This principle formed the basis of moving bound-
ary electrophoresis (Chrambach, 1985; Brzezinski et
al., 1989). These modifications are limited to liquid
phase separations, particularly when the retention be-
havior or mobility of the solutes is strongly dependent
on the pH of the mobile phase. Another approach is
to make the stationary phase—rather than the mobile
phase—dynamic and tunable via, for instance, an ex-
ternally applied electric field. A suitably applied ac or
dc electric field can augment the conventional driv-
ing force of a process to enhance the efficiency of the
system in terms of purity, degree of separation, and
yield (Muralidhara, 1994). Alternatively, an electric

field is capable of inducing changes in the electro-
chemical properties of a stationary phase, thereby in-
troducing a driving force for separation that would be
otherwise absent in a process. One of the earlier steps
towards modifying the behavior of stationary phases
through applied voltages was in electromodulated ion
exchange chromatography by Ghatak-Roy and Martin
(1986). The technique has undergone several develop-
ments and a more recent version of this method has
been discussed by Deinhammer et al. (1995). In this
set-up, nonporous glassy carbon spheres are used as
the stationary phase. Modulation of the surface charge
of the spheres via an external voltage controls the re-
tention behavior of the mobile solutes during elution,
thereby leading to improved resolution in a mixture of
ten aromatic sulfonates.

In the field of electrophoresis, the use of multiple
electrode voltages for separation of DNA molecules of
sizes greater than 50 kilobases and up to 2 megabases
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has been demonstrated by Chu et al. (1986). Sauer
et al. (1995) have performed a theoretical study of the
effect of axial and orthogonal auxiliary electric fields
on the residence time of small, non-interacting solutes
undergoing laminar flow through a rectangular chan-
nel. The time required to achieve a resolution of 2.0
in a binary mixture was seen to decrease when the
fields were turned on compared to when they were shut
off.

One-dimensional electrophoresis facilitates good
resolution but is limited to small throughputs. Chro-
matography, on the other hand, can handle larger
throughputs but cannot compete with electrophore-
sis for resolution. With the introduction of coun-
teracting chromatographic electrophoresis (CACE) by
O’Farrell (1985), the features of chromatography and
electrophoresis were combined. CACE uses oppos-
ing electric and convective fields to focus proteins at
the boundary separating two gels of different internal
porosity. An extension of this version for continu-
ous operation has been developed by Ivory and Gobie
(1990). The quantitative focusing limits for this oper-
ation have been discussed by Raj (1994). In contrast
to the time dynamic nature of separations discussed in
the previous paragraph, CACE is an example of sepa-
rations using a spatially varying (composite) stationary
phase. A major advantage of this technique is that in
addition to isolating the target protein, it is concentrated
by a factor of the order of 10-1000.

Electric fields are being introduced in the area of
membrane separations too. Grimshaw et al. (1989)
have fabricated polyacrylamide and polymethacrylic
acid membranes with permeabilities that can be chem-
ically and electrically modulated over a period of time.
Winnick (1990) has discussed the advantage of re-
placing the pressure gradient with an electric field for
separation of an ionizable gaseous solute from other
uncharged components. For a species of valency £2,
a voltage of 60 mV can maintain the same concen-
tration difference that would require 100 atm for an
uncharged species. Bhaskar et al. (1985) and Ly
and Cheng (1993) have synthesized liquid crystalline
membranes with an electrically controlled permeabil-
ity. On application of an electric field the microstruc-
ture of the membrane undergoes a change that leads
to an increase in the flux across the membrane. Such
membranes are important in controlled drug delivery
applications.

Liquid crystals (LCs) are thin, rigid, rod-like
molecules with a tendency to align themselves more

or less parallel to each other. This spontaneous align-
ment makes the medium anisotropic in optical, elec-
trical, and transport properties (de Gennes and Prost,
1993). Moreover, the direction of common align-
ment can be modulated by the application of an ex-
ternal electric field. In a tubular column filled with a
LC medium, the molecules could be interchangeably
made to align parallel and perpendicular to the tube
axis. We will refer to the former microstructure as
the parallel mode and the latter as the perpendicular
mode.

A change in microstructure of a LC stationary phase
results in a change in the velocity and diffusion coeffi-
cient of a mobile solute. By changing the distribution
of LC molecules between parallel and perpendicular
(including intermediate configurations), in principle,
the solute velocity can be controlled in space and time
between a maximum value (vy) and a minimum value
(v1). This tunability is a unique feature of such mate-
rials and the prospect of using it as the basis for sepa-
rations is explored here.

As discussed below, a high degree of anisotropy (as
expressed by the ratio vi /v)) is a desirable feature
of a tunable separation medium. Liquid crystal poly-
mers exhibit large anisotropy but also require times of
the order of hours to respond to the presence of an
electric field. Low molecular weight liquid crystals
have small response times (~200 msec.) to an elec-
tric field but do not have large anisotropies (v, /vy ~
0.8-0.9). Synthesis of liquid crystalline materials with
adequately low response times (~10 sec.) and a suffi-
ciently high degree of anisotropy (v, /vy ~ 0.5) would
greatly aid the development of a tunable separation
device.

At present, we are concerned with developing proto-
cols for operation of a separation device that can exploit
the properties of a tunable medium. We would like to
demonstrate that significant advantage can be gained
from dynamically controlling—in space and time—
the transport properties of a separation medium. In
a related work, we have shown that the most desirable
configuration involves a series of adjacent parallel and
perpendicular modes (Vaidya et al., 1996). This distri-
bution gives rise to fronts—thin regions in which the
alignment of the liquid crystals changes from parallel
to perpendicular and vice versa. Of special interest
in this paper is the use of moving fronts to concen-
trate specific solutes. Thus, it is important to under-
stand theoretically the process of solute mass transfer
through such structures.



Convection-diffusion mass transfer in composite
media with piecewise constant transport properties has
been extensively modeled on the basis of the self-
adjoint operator formalism developed by Ramkrishna
and Amundson (1974), which was later extended by
Locke and Arce (1993a) and Locke et al. (1993). Al-
though this method gives the exact analytical solution
to the governing equations of mass conservation, there
are two limitations to its practical applicability in the
processes we consider here. First, the method is known
to converge slowly in the regime of large Péclet num-
bers Pe (defined in Eq. (16)). This is a problem since
most practical separations are designed and operated
such that convection dominates over diffusion, because
this allows for a smaller size of the column and better
resolution of the solutes. To overcome the compu-
tational difficulties encountered in modeling high-Pe
separation operations, a singular perturbation analysis
approach for solute transport in a medium with discon-
tinuous transport properties was introduced by Vaidya
et al. (1995). Their study was restricted to the case
of a singular (zero width) interface at a fixed location
within the column. For the case where the solute ve-
locity upstream of the interface was faster than that
downstream, it was observed that the concentration of
the solute rises within a thin boundary layer (thickness
8sing/L = O(1/Pe)) upstream of the front to satisfy the
requirement of the continuity of flux at the surface of
discontinuity (see Fig. 1). The second limitation has
to do with the fact that fronts, in reality, are not singu-
lar surfaces across which transport properties suffer
discontinuities, but rather smooth transition regions of
small but finite width. Indeed, in liquid crystal me-
dia, elastic resistance of the molecules would produce
a transition layer of thickness & of order 100 pem (de
Gennes and Prost, 1993).

Our purpose here is to explore the consequences of
this finite thickness for solute transport. After setting
up the governing equations in Section 2 and our ex-
perimental technique in Section 3, we present in Sec-
tion 4 results for two physical circumstances, namely
(1) steady mass transfer through a stationary front, and
(2) transient mass transfer near a moving front. For
(1), both theoretical and experimental results show that
the solute concentration changes over a length scale
considerably larger than the O(1/Pe) boundary layer
thickness predicted for a discontinuous medium. For
(2), finite thickness of the transition zone has a pro-
found influence on the local solute concentration. In
the process of exploring this, we demonstrate the possi-
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Figure 1. Increase in concentration of solute within the boundary
layer on migrating from a fast into a slow domain across a stationary
front. The ratio of upstream to downstream transport properties is
0.50. The variables (£. ) are as defined in Eq. (15). The dashed
curve is the initial distribution and the solid curve is the distribution
at a dimensionless time t = 0.17. The vertical line represents the
front.

bility of concentrating solutes near a moving front, and
identify the scaling of the resulting solute peak with
the Péclet number.

2. Theory for a Moving Front
2.1, Principle

As Fig. 1 illustrates, when a solute undergoes
convection-diffusion across an interface into a domain
where its convective velocity (and diffusivity) decrease,
there is a sharp rise in its concentration near the inter-
face. For an interface with a position that is fixed in
time, this increase in concentration is restricted to the
short time scale over which the solute passes through
the front. Afterwards, the peak spreads out owing to dif-
fusional effects. In the present work, we consider a col-
umn containing a composite material which is dynamic
and tunable such that the boundary of demarkation be-
tween the domains can be made to move at an indepen-
dently controlled velocity relative to the solute. The
solute could then be made to experience the presence
of the interface for much larger time scales leading to
a progressive concentration increase at the front. Tak-
ing the upstream velocity as v and that downstream as
vy (v > vy), three possibilities arise naturally for the
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Figure 2. llustration of the principle of dynamic separations us-

ing a moving front. When the front moves with a velocity that is
intermediate to the upstream (high) and the downstream (low) value,
there will be progressive accumulation of the solute at the moving
boundary.

choice of the velocity of the front (v): a) vy < vy <
v, byvy < vy <vyandc)vy < vp < . Figure 2
illustrates the velocity vectors relative to the moving
front for these three cases. Case a) is similar in qualita-
tive behavior to the stationary front (corresponding to
the special case v, = 0) and, therefore, suffers from the
same limitation of a short time scale of interaction be-
tween the solute and the front. The same is true of case
b). In case ¢) there is incoming flux at the interface from
both upstream and downstream domains. In the ab-
sence of substantial diffusion, mass conservation would
require that the concentration continuously increase
within a thin layer at the interface. Eventually, the entire
solute content would be trapped within the boundary
layer. As the front moves towards the exit, the solute is
eluted out. For large values of Pe, the height and width
of the peak in the solute concentration scale with Pe
and 1/Pe respectively, as can be shown by generaliz-
ing the boundary layer analysis of Vaidya et al. (1995)
for discontinuous media—see Vaidya et al. (1996). As
we shall demonstrate below, however, small but finite
width of the front changes the situation dramatically.

2.2. Mathematical Formulation

Consider transient, one-dimensional convective-
diffusive transport of a solute where the convective

[

[ f

T 7

! S
[ [
T In
> x L L

Entrance Column Exit

Figure 3. Column containing a dynamic medium comprising two
domains of different transport properties. The transition zone be-
tween the two domains can be independently controlled to move
with a constant velocity vy. The thickness of the zone is 8, and its
mean position at time ¢ is Lg(r).

velocity (v) and the diffusivity (D) are uniform except
for a transition layer centered about the plane x = L
(Fig. 3). The concentration field c¢(x, t) is governed
by the Brownian transport equation

ac a Dix dc ad ) i

o ax [ . t)ax] ax Vel (D
Throughout this paper, we will use superscript i = I
to distinguish the left (upstream) region (0 < x < L)
where D=D'and v = v, and i = II for the right-
hand side (downstream) domain (L, < x < L) where
D = D"and v = v". Theline of demarkation between
the upstream and downstream domains, referred to as
the front, can itself be made to move with a uniform
velocity vy. The location of the front at a given instant
in time ¢ is then given by:

L/(f)=Lf0+Uff 2)

where L ¢q is the position of the frontatt = 0. The case
of a stationary front (Vaidya et al., 1995) is recovered
by setting v, = 0 (see Section 4.1).

We assume that at time ¢ = O the column contains
a prescribed initial distribution of the solute. At all
positive times, there is no solute flux entering the col-
umn from upstream. The section of the column beyond
x = L is both infinite in length and well-mixed, so that
Danckwerts’ boundary conditions hold (Danckwerts,
1953; Novy et al., 1990). Therefore,

c(x,0) = f(x), 3)
_DIB_C;(;'—[)+UIC(O,[)=O, t>0 (@)
de(L, 1)

0, t .
x >0 (5)



For cases where the transition from downstream
transport properties occur over a region of small but
finite thickness &, we utilize the form

D(x,t) =
D', x<Lst)—(5;/2)
DU x> L)+ (8;/2)

DY+ (D' = DMy cos?[B(x, 1)],
Ly(t)—(8;/2y <x < Ls(t)+(8;/2)

(6)

where 6(x,t) refers to the orientation of the LC
molecules with respect to the axis of the column. The
value § = O refers to the parallel mode while 6 = /2
refers to the perpendicular mode. The orientation dis-
tribution in the transition zone was approximated by
the smooth functional form

) T 2 3
G(x,1) = 5(377 =27 7N

where 1 is given by:

X — L0+ (87/2)

5; (8)

The orientation distribution in Eq. (7) ensures that the
solute diffusivity within the transition zone reaches its
upstream and downstream values with zero slope. The
velocity change v(x, t) is approximated by an analo-
gous formula.

For the case where the change from upstream to
downstream transport properties occurs as a disconti-
nuity, we introduce upstream and downstream concen-
trations ¢’ (x, 1) (i = I,1I), for which Eq. (1) reduces
to the constant coefficient equation

P i 182 i 9 i
ZopE S ism (9
at dx- ax

and Eqgs. (3)—(5) become:

A, 0= fl), =11
(10)
3cl(0, 1
—D‘%ﬂ)‘c‘(o,z):o, t>0 (11)
X
3" (L, 1)

0, t>0 12
Y > (12)

The existence of a sharp interface at x = L /(¢) in-
troduces the need for two additional conditions to
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piece together the as yet unrelated concentration fields
c(x,t) and c"(x, ). The appropriate conditions are
the requirements of local equilibrium and continuity of
flux at x = L ((t) for all positive times, viz

¢ = Koqc" (13)
aCII

ac!
_D]_+ I _ I=_DH_
ax T e ox

+ " —vph (14)

In order to solve Egs. (1), (3)-(5) numerically, they
are recast in a dimensionless form in which the length
& 1s measured in units of L and time 1 is measured in
units of v/L. The following non-dimensional groups
then arise:

X rf).

f:z, ‘L’=Z‘ (15)

Pe=£: 6=l2 (16)
D Pe

¢’ _ 2. u‘=v—_l )
D v

here D and v respectively denote the characteristic val-
ues for the diffusivity and velocity. Let the front be
located at L s at time ¢ = O such that the entire initial
solute distribution is to its upstream side. The inter-
val of time required for complete pile-up of the solute
against the front (¢,,) is the time required for the lagging
end of the solute distribution, located at a distance. say
3L o, away from the interface, to convect to the front
ie.,

(W' —vp)r, =68L 0. (18)

This corresponds to a dimensionless time interval given
by:

T, = fgi (19)
Ho— My

where 86790 = 8Lo/L and s = vy/v. From Eq.
(19), itcan be seen that in order to concentrate the solute
in the shortest time the front should be moved with a
velocity equal to the (slower) downstream velocity of
the solute. Moving the front with a velocity that is
larger (but still < v) would also produce the effect of
progressive accumulation, but it would require a longer
time of operation.
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We choose the upstream transport properties as the
reference values, i.e., D = D' and v = v' and define
the following variables:

a = (D"/DY (20)
By = (ur/uh) @21

The parameter o quantifics the anisotropy of the
medium for the solute and the parameter 8, represents
the dimensionless velocity of the front relative to the
reference value.

2.3.  Computations

The finite difference scheme QUICKEST (Leonard,
1979) was employed for solving the convection-
diffusion problem, cast in dimensionless form, for a
smooth transition between zones I and II (Eq. (1),
and Eqgs. (3)—(5)). In this method the value of concen-
tration at each grid wall is given by a central differ-
ence corrected by a term proportional to the upstream-
weighted curvature. This hybrid strategy avoids the
stability problems of central differencing and reduces
the inaccuracies of numerical diffusion associated with
upstream differencing.  Accurate resolution of the
concentration within the thin region where the par-
allel mode (upstream) changes into the perpendicular
mode (downstream) was accomplished with a mesh
size AE of 5.0 x 1077; the transition zone was thus
discretized over 20 nodes for §, =100 um and 200
nodes for 6, =1000 pum. A uniform mesh of this
size, covering the entire column of length L = 10
cm, would require 200,000 nodes and create tremen-
dous demands for memory and cpu time. A majority
of the nodes are, in fact, not essential as the initial so-
lute concentration profile is non-zero over only a small
fraction of the length of the column. Therefore we
employed a smaller, traveling grid covering only the
region where the initial concentration profile is signif-
icant and moving with the same speed v as the front.
For a Gaussian initial distribution, about 99.99% of
the mass is included within four standard deviations
(40) from the mean. We therefore chose the traveling
grid to be of length L, ~ 160, centered initially on the
mean.

For purpose of illustration, the velocity in each do-
main is assumed to be proportional to the diffusivity as
is the case for small, non-interacting solutes. Asaresult
the Péclet number in the upstream domain is the same
as that in the downstream domain. For calculating the

profile at a particular Péclet number, the velocity of the
solute in each domain is thus given by vi =Pe D'/L
or u' = ¢'. Note that our computational method is
equally applicable to situations where this is not the
case.

3. Experiments for a Stationary Front

In Section 2.1, we established the working principle of
progressive accumulation of a solute at a moving front.
For many applications it is unnecessary to know the de-
tails of concentration changes within a thin boundary
layer at an interface. The continuity of flux is usually
modeled macroscopically in terms of a lumped “mass
transfer coefficient” term. In our application, the entire
solute content piles up near the interface, and resolv-
ing the details of concentration gradients within this
layer therefore becomes essential. Prior to implement-
ing the protocol with moving fronts, it is worthwhile to
understand concentration boundary layer dynamics at
a stationary interface. Although data for self-diffusion
inLCs is abundant (Kriiger, 1982), experimental values
for solubility limits and mobilities of electrically active
solutes is limited. Therefore in studying solute con-
centration gradients in the interfacial region, we have
chosen to work with polyacrylamide (PA) gels. These
materials are extensively used for electrophoretic sepa-
rations of biological molecules, and the transport prop-
erties of a variety of solutes through them are known
in literature. Experiments were limited to a study of
steady convection-diffusion through a stationary inter-
face.

3.1. Materials and Method

Figure 4 shows the experimental set-up for study-
ing the boundary layer transport of a solute
through a stationary front using sodium dodecyl
sulfate—polyacrylamide gel electrophoresis (SDS-
PAGE). First, a 7% polyacrylamide sample was pre-
pared in a glass capillary of 1 mm ID and length
10 cm. The gel matrix was 3 cm in length and
in the center of the capillary. The rest of the tube
was then filled with the electrophoretic buffer on both
sides of the gel. The junction between the clear
buffer fluid and the gel forms the stationary interface.
The solute sample consisted of bovine serum albu-
min conjugated with fluoroscein isothiocyanate (BSA-
FITC) at a concentration of 26 ug/ml (0.38 nM/ml).
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Figure 4. Experimental set-up for the study of boundary layer dynamics. M—microscope, [l—image intensifier unit, CCD-—charge coupled
diode camera, [CU-—image control unit (Genllsys), CCU—camera control unit (Genllsys), [IP—image processor, VGP—video graphics printer.
The hatched area in the middle of the capillary indicates the position of the PA gel.

The right reservoir was loaded with the solute sam-
ple. On application of an electric field (100 V across
the capillary), BSA-FITC from the reservoir migrates
electrophoretically towards the positive electrode and
this constitutes a constant flux of the solute coming
into the buffer-gel front. Constant input of the so-
lute at the interface ensured that the boundary layer
formed remained stable for long periods of time and
concentration changes can then be observed under
fully developed steady state conditions. Concen-
tration detection and quantification were carried out
using epifluorescence video microscopy. A Nikon in-
verted microscope (4X objective) was used for epi-
fluorescence visualization with blue excitation (490
nm) and green emission (510 nm). The fluorescence
emission was directed toward an image intensified
(Genllsys)—charge coupled diode (CCD-72) camera
assembly (Dage-MTI). A Hamamatsu Argus-10 Image
Processor was used for noise reduction by averaging

the image over 16 frames. The data was recorded on
1/2” videotape for digital image analysis (NIH Image
1.54) using a Quickcapture framegrabber (Data Trans-
lation) and a Macintosh Ilci. The image of the uni-
form illumination on the upstream side of the front was
used as the standard for normalizing the concentration
curves.

4. Results
4.1.  Stationary Front

We recall the two key premises in the boundary layer
analysis by Vaidya et al. (1995) are that the column op-
erates at a high Pe and that the change in microstructure
occurs as a sharp interface. Under these conditions,
the expression for the shape of the concentration pro-
file within the boundary layer can be written as (Vaidya
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et al., 1995):

. . ot
c(x)=c |+ chﬁ_l

[

X exp(%(_r — L,-0)>j] . (22)

The above equation represents the steady state concen-
tration distribution very near the interface for a continu-
ous solute input of concentration c._. In our experiment,
¢! denotes the concentration of BSA-FITC in the bulk
of the buffer far away from the interface. Neglecting
any curvature effects at the junction of the buffer liquid
and the PA gel, L s is the location of the interface and
K¢q is as defined in Eq. (13). Taking the limit as one
goes far away from the interface in Eq. (22), the ratio
of the concentration of BSA-FITC at the interface to
its value in the bulk of the buffer is given by

Cl v
CTf = Kea -

(23)

oo

The external porosity of the gel sample used is 7%,
so that Koq = 1/(1 — 0.07) i.e, 1.07. The upstream
domain is the buffer fluid and the downstream domain

is the gel matrix; the ratio v''/v! then is precisely the
relative mobility of BSA-FITC in the gel. This value is
known for a 7% PA gel and equals 0.5 (Gallagher and
Smith, 1993). The macroscopically observed “con-
centration jump”’ cf/clJo in going from the buffer to the
gel domain is evaluated from Eq. (23) and is found
to be 2.15. The experimental value of 1.9 observed
in Fig. 9 is 13% lower than the theoretical predic-
tion.

Also relevant is the decay length associated with the
concentration profile. This parameter is represented
by the reciprocal of the coefficient in the exponential
term in Eq. (22) and was calculated to be about 2 pm.
This estimate differs vastly from the experimentally
observed decay length of about 250 pm. The discrep-
ancy stems from the fact that Eq. (22) has been de-
rived assuming that the interface has zero width. In the
experiment, the interface was observed to be of thick-
ness 100 £ 4 pm and its mean thickness is marked by
the two solid vertical lines in Fig. 5. Thus the transi-
tion between the two domains could be modeled as
a continuous change in the velocity and diffusivity
of BSA-FITC from the buffer to the gel matrix with
8y = 100 um. The convection-diffusion of solute is
governed by Eq. (1). Since the Péclet number is large,
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Figure 5. Concentration profile of BSA-FITC within the boundary layer at the buffer-PA gel interface. The two vertical lines indicate the
thickness of the interface. The solid curve represents theoretical solution assuming a smooth transition of transport properties within the interface.



it 1s appropriate to neglect diffusion zone in Eq. (1),
which then reduces to

d
[v(x)e(x)] = 0. (24)

dx
The solution to this equation subject to the condition
thatatx =0,c =c andv = v'is

c vt

c(x) o(0) (25)

which is a statement of continuity of convective flux
through the transition zone. Equation (25) has the
fecature that the interval over which the concentration
changes from ¢! to its downstream value coincides pre-
cisely with the thickness of the front (which is much
grcater than L /Pe). The dashed curve in Fig. 5 corre-
sponds to Eq. (25) with the variation in the convective
velocity represented algebraically by a form similar to
Eq. (6). Whereas this behavior for a stationary front
represents a simple static phenomenon, finite thickness
of the front (inevitable in practical situations) has more
interesting dynamical consequences for the case of the
moving {ront.

4.2. Moving Front

The traveling mesh consisted of 2000 nodes, with a grid
spacing AZ = 5.0 x 107> as mentioned before, and a
time step of At = 1.0 x 107%. TIn all the examples
illustrated. the initial distribution of each solute was
chosen to be a Gaussian with its mean located at £ =
0.05 and a dimensionless standard deviation ¢/L =
0.007. The mass content per unit cross sectional area
is 1.0 g/cm?. The values of the reference anisotropy «
considered were 0.80 and 0.50. The former is based
on the anisotropy in diffusion coefficients (D, /Dy)
of methane in the LC p-methoxy-n-alkylazoxybenzene
(Merck Licrystal Phase 5) as determined by Moseley
and Loewenstein (1982). The latter is a value for a
hypothetical LC. All other parameters are as indicated
in figure captions. The interval of time to be simulated
was chosen on the basis of Eq. (19).

Figures 6 and 7 show the evolution of the concen-
tration profile for the solute for an operation in which
the front is moved with its downstream velocity. Un-
less stated otherwise, all simulations are carried out
at Pe = 10,000, the initial location of the front is at
£r0 = 0.0775 and the lagging end of the solute dis-
tribution is taken at & = 0.0275 to give 58,0 a value

Convection-Diffusion of Solutes in Dynamic Media 49

c (&)

0.0 0.1 0.2 0.3 0.4
5

Figure 6. Numerical simulation of convection-diffusion of a solute
with a moving front in a medium with a reference anisotropy of 0.80.
The front moves with a velocity equal to the downstream velocity of
the solute. The simulation interval ,, is 0.25.
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Figure 7. Same as Fig. 6, but for a reference anisotropy of 0.50 and
a simulation interval of 7, = 0.1.

of 0.05. It is observed that long term interaction be-
tween the solute peak and the moving front causes a
progressive accumulation of the solute very close to
the interface. However, it can be seen that the max-
imum height of the solute increases upto a period of
about 0.75 t,, and decreases thereafter. We would like
the concentration to increase continually as the solute
moves from the entrance to the exit. The reason for
the fall of peak height at intermediate times lies in the
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Figure 8. Numerical simulation of convection-diffusion of a solute
with a moving front in a medium with a reference anisotropy of
0.80. The front moves with a velocity that is the arithmetic mean of
the upstream and downstream values for the solute. The simulation
interval 7, is 0.50.
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Figure 9. Same as Fig. 8, but for areference anisotropy of 0.50 and
a simulation interval of T, = 0.2

extreme choice of the front velocity and 1s discussed
in detail in the next section. To overcome the unde-
sirable effect of peak height reduction at large times,
the velocity of the front was increased to a value that
is the mean of the upstream and downstream values
for the solute. As can be seen from Figs. 8 and 9,
this protocol resulted in a continuous solute pile-up
at the moving boundary although beyond a period of
7, the peak height remained constant. This is because
the concentration gradients at the interface get large

€D

00 01 02 03 04 05 06 07
3

Figure 10.  Effect of the thickness of the transition zone. The ref-
erence anisotropy of the medium is 0.80. The front moves with a
velocity that is the arithmetic mean of the upstream and downstream
values for the solute. The simulation interval 7, is 0.50 for a transi-
tion zone thickness of 100 zm and 0.6 for that of 1000 j¢m.

enough such that the diffusional fluxes out of the front
are in dynamic equilibrium with the convective fluxes
into the interface. The peak height (or width) referred
to hereafter refers to this final maximum value. The
remaining results are presented for the case of the front
moving with a velocity that is the arithmetic average
of the upstream and downstream values for the solute
e, By =(1+a)/2

Having achieved the qualitative behavior of concen-
trating the solute in a sharp peak near the interface,
a key quantitative issue arises, viz the relation of the
peak height (or width) to the material properties of
the medium—reflected in the thickness of the transi-
tion zone 8 j—and the operational parameters in the
column—captured by the Péclet number Pe. Figures
10 and 11 show the solute concentration for a broader
interface (§; = 1000 pm). The location of the mean
of the transition zone was shifted from & ;o = 0.0775 to
& ro = 0.0875 so0 as not to violate the condition of con-
tinuity of flux at the initial time T = 0. The simulation
interval 7, had to be adjusted so that the lagging end
of the solute distribution (at & = 0.0275) convected
through to the front (see figure captions). The value
of 6&¢ for the broader transition zone is thus 0.06.
Comparison with profiles in Figs. 8 and 9 respectively
shows that, all other parameters being held constant,
the peak height decreases with an increase in the tran-
sition zone thickness. To study the effect of the opera-
tional parameters, we maintained the transition zone of
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Figure /1. Same as Fig. 10. but for a reference anisotropy of 0.50.
The simulation interval 7, is 0.2 for a transition zone thickness of
100 jem and 0.24 for that of 1000 gm.
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Figure 12, Effect of the Péclet number. The reference anisotropy
of the medium is 0.80. The front moves with a velocity that is the
arithmetic mean between the upstream and downstream values for
the solute. The concentration profile corresponding to Pe = 5000 has
been shifted slightly to the right for clarity.

thickness 100 um while decreasing the Pe by a factor
of half. The resultant peaks for the solute are plotted in
Figs. 12 and 13. It can be seen that the concentration
profile is much broader for the lower Pe. The scaling of
the peak height with the transition zone thickness and
the Peclet number is discussed in detail in the next sec-
tion.

Pairwise comparison of Figs. 8-9, 10-11, and 12-13
indicates that as the material becomes more anisotropic
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Figure 13.  Same as Fig. 12, but for a reference anisotropy of 0.50.

(o changes from 0.80 to 0.50), the enhancement in
concentration obtained increases. For a change of 37%
in «, the height of the peak increased by a factor of 2.6,
1.9, and 2.8 respectively. Hence the need to synthesize
high anisotropy, low response time L.C materials.

5. Discussion
5.1 Stationary Front

The simple static situation of steady convection dif-
fusion through a stationary interface exhibits the key
physical feature that the thickness of the transition
in solute concentration is considerably wider than the
O(1/Pe) thickness arising in a discontinuous medium,
and coincides precisely with the front in material prop-
erties in the limit of large Péclet number. The experi-
ments show a broader tail which apparently extends
substantially beyond the gel front. This phenomenon
is a subject of current investigation.

5.2, Moving Front

Figures 6 and 7 illustrate the change in concentration
profile of the solute made to continuously experience
the presence of a front that is moving with a velocity
equal to its downstream velocity (8 = o). We observe
that the final concentration distribution, at 7, =0.25
and 0.1 respectively, is substantially narrower than the
initial Gaussian distribution. The moving front has
thus introduced an anti-dispersive effect on the trans-
port of the solute. Starting at time 7 =0, we note
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that the concentration profile becomes progressively
sharper for about 75% of the total interval simulated,
after which the height of the peak starts to decrease.
Morcover, for large times, the peaks become asymmet-
ric with considerably greater dispersion on the down-
strcam side than the upstream side. This is an unde-
sirable effect from a focusing and purification stand-
point. When the front is moved with a velocity equal

o the downstream velocity of the solute, the velocity of

the solute relative to the front on the downstream side
becomes zero. The convective driving force for so-
fute accumulation from the downstrcam side ("' — v )
vanishes. Diffusional effects—though small—do ex-
ist. and in the absence of the convectional driving force
they cause solute dispersion on the downstream side.
This decreases the maximum value of the concentra-
tion. In the domain upstream of the interface, convec-
tional driving force is very large and dominates over
diffusion leading to a much smaller spread of the so-
lute near the interface.

The decrease in peak height over large times can be
overcome by choosing the front velocity to be greater
than the downstream velocity (but less than the up-
stream value). This choice produces a convective driv-
ing force towards the front on the downstream side,
preventing downstream dispersion.  Figures 8 and 9
show the results when the front was made to move at a
speed that is the arithmetic mean of the upstream and
downstream velocities of the solute (8; = (1 +«)/2).
The problem of decrease in peak height has thus been
rectified at the cost of the higher time required for con-
centrating the solute (see Eq. (19)).

Figures 12 and 13, which compare concentration
profiles for Pe = 5000 and 10,000, indicate that the
peak width decreases as the Péclet number increases.
However, the peak widths observed are considerably
larger than O(1/Pc) expected on the basis of boundary
layer analysis for discontinuous media. The magnitude
of the peak widths observed in Figs. 12 and 13 sug-
gest that they scale as 1//Pe; this may be qualitatively
explained as follows. In the absence of diffusion, con-
vection of solute toward the front would produce an in-
finitesimally thin (and infinitesimally high) peak at long
times. This structure is centered as x = L (1), where
the solute velocity relative to the front is locally linear,

v(x, 1) — vy ~ (constant)(x — L), (26)

given the finite width of the front (c¢f. Eq. (6)). When
diffusion acts to spread out the peak, it is balanced by

a convective flow toward x = L, that is weak in the
sense that it vanishes as ¥ — L. Thus, relative to
the casc of convection with uniform velocity toward
x = L (as for a discontinuous medium), convection
is less effective at concentrating the solute, hence the
greater peak width (and smaller height). Detailed ar-
guments will be presented elsewhere to explain when
the appropriate scaling is precisely with v/Pe (Vaidya
ct al., 1996). Diffusion sets an O(I/\/ﬁ) limit on
the degree to which the solute peak can be sharpened.
(There may be another practical limitation to minimiz-
ing the width of the concentrated peaks. When an clec-
trically charged solute continually piles up against the
interface, its concentration decreases the local voltage
gradient. As the concentration increases in the bound-
ary layer, it may reach a himiting value at which the
voltage gradient may become close to zero. The elec-
trophoretic velocity of the solute would vanish locally
and thus prevent further enhancement in the height of
the solute peak. The solute would then form a flat band
at the limiting value of the concentration.)

It is worth noting that any factor that increases the
gradient in v at the front (either a decrease in « or a
decrcase in §,) enhances the strength of convection
toward the surface x = L, because it increases the
constant in Eq. (26). This strong convective driving
force is, of course, balanced by diffusion. Thus, at a
given Pe, the concentration of solute peak height should
increase with decrease in o and § ;. This trend can, in
fact, be observed by comparing Figs. 11 and 12,

6. Conclusion

A space and time varying strategy based on tunabil-
itv of LC molecules for enriching a solute at a mov-
ing front has been discussed. This anti-dispersive ef-
fect on concentration peaks 1s relevant for amplifica-
tion of low-level signal from solutes present in trace
quantities, in order to facilitate their detection and iso-
lation in analytical separations. As noted in the in-
troduction, tunable media in real life will not liter-
ally have piecewise constant transport properties—
the discontinuous case to which most of the previous
work (Ramkrishna and Amundson, 1974; Locke and
Arce, 1993a; Locke et al., 1993) applies—but rather
would have fronts of small but finite thickness. We
have shown that this finite thickness dramatically af-
fects the dynamics of solute concentration at a mov-
ing front. In particular, it seems to set a O(1/+/Pe)
limit on the peak width, which is very different from



the O(1/Pe) width applicable to a truly discontinuous
medium.

Detailed scaling analysis of the large Péclet num-
ber solute concentration ncar a moving front will be
presented elsewhere (Vaidya et al., 1996). Future ex-
perimental efforts will aim to demonstrate the actual
practical implementation of this technique. Another
step would be to explore the concept of flow through
tunable materials that adsorb solute. Theoretical mod-
cling of this problem would proceed by addition, on the
right-hand side of Eq. (1), of a reaction term with rate
constants that can vary with time as well as position
along the column.

Scale-up considerations are limited at this stage duc
to power costs and safety considerations stemming
from the existence of clectric fields. However, it has
potential for separation and enrichment of ionizable
gas. In this case, in spite of high voltages there would
be low currents, keeping power costs low and safety
hazards minimum. The success of this technique will
depend on the synthesis of adequately anisotropic LC
materials.

Nomenclature
¢ Concentration of solute kg/m?
D Diffusion coefficient m?/s
f Initial concentration distribution kg/m?
K.y Equilibrium constant, dimensionless
L Length of column m
L, Location of interface from
column entrance m
Pe  Péclet number, dimensionless
r time S
v Velocity m/s
x  Lab-fixed spatial coordinate m

Greek Letters

a  Anisotropy of reference
solute, dimensionless
B, Ratio of the front velocity to
the reference velocity, dimensionless
n  Coordinate in the transition
zone, dimensionless
¢ Inverse Péclet number, dimensionless
Dimensionless diffusion
coefficient
) Dimensionless velocity
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o  Standard deviation of
Gaussian distribution m

v dimensionless time

¢  Orientation angle of LC
molecules

& Dimensionless lab-fixed
spatial coordinate

radians

Superscripts

- Reference values

i Upstream or downstream domain
I  Upstrcam domain

I Downstream domain

Subscripts

Parallel (fast) mode

1 Perpendicular (slow) mode
oo Far away from the interface
f Interface
0 Attimer=0
sing  Singular front
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